Introduction
Our underlying goal is to examine the behavior of p-divisible groups in families when their isogeny type varies. On one hand, we have a result of deJong and Oort [2, 2.15 ] describing the behavior of p-divisible groups when the isogeny type does not change: Consider a p-divisible group G over a complete regular local ring with algebraically closed residue field. Assume that the isogeny type of the generic and special fibers of G are the same. Then the monodromy in each slope is trivial. On the other hand a classical result of Igusa says that the monodromy of the universal deformation of a supersingular elliptic curve is (up to choices) Z × p , i.e., it is as large as possible.
Here we examine the monodromy of families when the variation of isogeny class involves p-divisible groups of local-local type. Manin has classified pdivisible groups up to isogeny over an algebraically closed field k of characteristic p. We describe this classification using covariant Dieudonné theory. Writing M (k) for M ⊗ W (k), then N λ (k) is a simple Dieudonné module up to isogeny. In particular, End(N λ ) ⊗ Q p is isomorphic to B λ , the division algebra over Q p with Brauer invariant λ. Manin's theorem asserts that any Dieudonné module M over k is isogenous to ⊕ i (⊕N λ i (k)).
We call the number of copies of N λ i (k) appearing in the sum the λ i -multiplicity of M . We say a Dieudonné module isogenous to a direct sum of copies of N λ i (k) over k is isoclinic of slope λ i . We define (in a concrete and limited way, for a more general definition see [2] ) the λ-monodromy of a p-divisible group G over an arbitrary field K. The p-divisible group G has a filtration [6, 13] 
by p-divisible groups so that G i /G i−1 is a p-divisible group which is isoclinic of slope λ i , and the rational numbers λ i satisfy
Here, as in the rest of this paper, by "slope" we mean the slope of the Frobenius operator acting on the covariant Dieudonné module, which corresponds to the Verschiebung operator of the p-divisible group. Thus, for us, G m has slope 0, and our inequalities are the opposite of those in [6] .
Let M i denote the Dieudonné module of G i /G i−1 . Let K denote the algebraic closure of K. Then Gal(K/K) acts on Hom(N λ i (K), M i (K)) by sending
for τ ∈ Gal(K/K). We call this the λ i -monodromy of G, and the image of Gal(K/K) in Aut(Hom(N λ i , M i (K))) the λ i -monodromy group of G. Since M i (K) is isogenous to ⊕N λ i (K) we can view this, in a non-canonical fashion, as a subgroup of GL(m i , B λ i ) where m i is the λ i -multiplicity of G. C.L. Chai posed the question: Let M 0 be a Dieudonné module over an algebraically closed field k. Assume there is some deformation of M 0 to a Dieudonné module over some complete local regular ring R with slopes {λ i } and multiplicities {m i }. Let λ = λ i be one of the slopes not appearing in the list of slopes of M 0 . Among all the deformations of M 0 to Dieudonné modules over complete local regular rings R with these slopes and multiplicities, are there deformations whose λ-monodromy is "large"? By large we mean cofinite with respect to GL(m i , B λ ) where B λ i is the maximal order in B λ . We answer this question affirmatively in a special case. We assume that the a-number of M 0 is 1, that λ is strictly less than any slope appearing in M 0 , and that the multiplicity of λ is 1 in M at the generic point of R. We also implicitly assume that there is some deformation of M with a slope λ part. We assume throughout that these restrictions are met by our choice of λ.
We briefly outline the proof of the main theorem. Oort [4] has shown how to define a characteristic polynomial of a Dieudonne module M over an algebraically closed field whose a-number is one. The salient feature of this polynomial is that its Newton polygon is the Newton polygon of M . A lemma of Demazure [3] allows us to define, up to isogeny, a map of Dieudonne modules
so that N is isoclinic of multiplicity one and with slope equal to the least slope of M . Further, the lemma gives explicit generators and relations for N (section 2).
Starting from a Dieudonne module M 0 over an algebraically closed field with a-number one, the techniques in Oort's paper allow us to control the characteristic polynomials χ(M ) of deformations M of M 0 (section 3). First we can produce explicit deformations with least slope equal to a specified λ less than the slopes of M 0 and λ-multiplicty one provided some such deformations exists. In this case the map, M → N is a Galois map and hence (a slice of) the λ-monodromy of M can be computed from the explicit description of N (section 4). By carefully constructing our deformation we can do more; we can find "enough" elements in the monodromy to show that the monodromy is large. To do this we need to analyze the structure of the group of units (section 5.1) in a maximal order of a division algebra over Q p and use an implicit function theorem for analytic manifolds (section 5.2). In section 6 we bring together these elements to complete the proof of the main theorem and in section 7 we outline how to extend the result to polarized p-divisible groups.
A Lemma of Demazure
A lemma of Demazure [3] provides us with a method of explicitly computing monodromy. Assume K is a perfect field and let K denote its algebraic closure. Let σ denote the Frobenius on W (K). By an F -lattice we mean a free, finitely generated W (K)-module with an injective σ-linear operator F . A Dieudonné module over K gives us an F -lattice by forgetting the action of V . We say that F -lattices M 1 , M 2 are isogenous if there is an F -map M 1 → M 2 with W (K)-torsion kernel and cokernel. If M 1 , M 2 are two Dieudonné modules over K and M i is isogenous to M i as F -lattice for i = 1, 2, then
By Hom D (M 1 , M 2 ) we mean homomorphisms of Dieudonné modules. Similarly, Hom F ( M 1 , M 2 ) means homomorphisms of F -lattices. In our work we start with a Dieudonné module M with a single generator e over Cart p (K), and replace M with the F -lattice generated by e over W (K) [F ] . Let χ(F ) be a polynomial in F over W (K) of the form
Now assume that M arises as a deformation of M 0 and that λ appears with multiplicity 1 in M . Since the multiplicity of the slope λ part of M is 1, ker φ is Galois invariant, and thus φ induces a Galois action on the quotient module
This is isogenous to N λ . Denote (both of) the implicitly given generators of
induces an isomorphism of F -lattices
which allows us to compute the λ-monodromy of M . Write u = i=s−1 i=0
u i p i/s , with each u i ∈ W (K). By K(u) we mean the extension of K generated by all the Witt components of the elements u i ∈ W (K). The λ-monodromy is given by the action of the Galois group on u.
We close this section with some notation and remarks concerning N λ . Write 1 = ar + bs, where a and b are integers. Let ̟ be the σ a -linear operator F a p b ; this acts on N λ although not, in general, on N λ . Note that
and hence ̟ · p
in the division algebra B λ , where q = p s . This is the endomorphism ring of N λ , and the automorphisms of N λ are
Since a and s are relatively prime, σ a generates Gal(Frac W (F q )/Q p ). Now, G has a filtration by powers of ̟. Let G = G 0 , and for i ∈ N let
It is the inverse limit of truncated monodromy representations
We will show that m 2 is surjective. This will allow us to deduce that m itself is almost surjective.
Displays

Displays in normal form
Throughout this section we use the ideas, results, and terminology of Oort's paper [4] . Let k be a perfect field and M a Dieudonné module over k. Denote the dimension of M by d, the codimension by c, and the height by h. By a display of M we mean a choice of W (k)-basis of M , {e i , i = 1, · · · , h}, along with relations defining M :
If the a-number of M is one, so dim k (M/(F, V )M ) is one, we can find a display so that the matrix (a ij ) has the form 
We say M is in normal form if the display is in this form. In this case, we can find an explicit polynomial χ(F ) so that the generator e of M satisfies
with A x ∈ W (k). This polynomial depends on the choice of normal display.
In spite of this ambiguity we call χ(F ) the characteristic polynomial of M . Oort shows that the Newton polygon of M equals the Newton polygon of χ. We write out the formula for the coefficient A x in terms of the display
With this notation, Oort's Cayley-Hamilton lemma [4, 2.6] says that
Observe that this formula is additive in a ij .
. The display for the universal deformation is in normal form, and hence it is determined by the entries in the positions 1 ≤ i ≤ d, d ≤ j ≤ h. The display matrix for the universal deformation in normal form is
] to a complete regular ring of characteristic p > 0 and write φ(t i,j−d+1 ) = r ij for i, j ∈ S. Set R ij to be the Witt vector with components (r ij , 0, 0, . . . ). The map φ defines a deformation of M to a Dieudonné moduleM . We see that
By the additivity remarked upon above,
Constructing a deformation
Assume that we are given a Dieudonné module M 0 over an algebraically closed field k with a(M 0 ) = 1; further assume we have chosen a normal display for M 0 with display matrix a ij . Let λ = r/s, r, s ∈ N, gcd(r, s) = 1, and assume that λ is smaller than any of the slopes of M 0 . Further, assume that there exists some deformation of M 0 to a Dieudonné module with least slope λ. Note that λ being strictly less than any of the slopes of M 0 is not sufficient to insure such a deformation. In particular, the slope of the segment from (s, r) to (h, c) must be greater than λ and less than 1. This implies that s > r and s ≤ r + d.
We give an overview of our construction. Our first step is to find deformations that have least slope λ. Since the Newton polygon of a Dieudonné module with a-number one is the same as the Newton polygon of its characteristic polynomial, we do this by controlling the p-adic ordinals of the coefficients A x of this polynomial. Since λ is strictly less than any slope of
Consider a deformation arising from a map φ :
Thus, in order to obtain a deformation with least slope λ we need to find a pair (i, j) so that f (i, j) = (s, r).
To obtain large monodromy we need more. Set a x (M ) = p −λx A x (M ). The Galois group arises from solving the equation
For our calculation we need ord p (a x (M )) = 1/s for at least one x. To do this we must show that there is a pair (i, j) so that for f (i, j) = (α, β), the term added to the coefficient of A α (M 0 ), namely,
Starting from the characteristic polynomial of
where λ = r/s. Since λ is less than any slope of M 0 , we have a
Thus P is the set of points with integer coordinates in a parallelogram with vertices (1, 0), (d, 0), (c, c − 1) and (h − 1, c − 1). Let (i 1 , j 1 ) be the solution to the equation f (i, j) = (s, r). Our construction has two cases. In the first case the deformation of M 0 to M arise from a map
In the second case our deformation arises from a map
. In both cases we set
This implies that
where T 1 is the Witt vector (t 1 , · · · ). For the first case assume there is an x so that ord p (a x (M 0 )) = 1/s. In this case we set φ(t ij ) = 0 for all pairs (i, j) not equal to (i 1 , j 1 − d + 1). 
We obtain
Since c = s, we are, indeed, in case 1.♦ For the second case we need the lemma. 
iii. There is at least one x, x = s, so that ord p a x = 1/s. Either a x ∈ k, or x is the only index so that ord p a x = 1/s. In the latter case x = α and
Calculation of Galois Action
Let K = k((t 1 , t 2 )).
Proposition 4.1
The truncated monodromy representation in slope λ
associated to the deformation of M 0 is surjective.
Proof The λ-monodromy of M is given by the Galois group of K(u)/K where u = v −1 , v is a solution to the equation
and B x ∈ W (k), except for possibly one index x for which
with v i ∈ W (K), and let z be the first Witt component of v 0 . We show that z generates an extension of k((t 1 , t 2 )) of separable degree p s − 1. Looking at the first Witt component modulo p 1/s of the equation above we get
Thus z does, indeed, generate an extension of k((t 1 , t 2 )) of separable degree p s − 1. Setṽ 0 = (z, 0, · · · ), an element of W (k((t 1 , t 2 ))). We have the equalitỹ
Write v =ṽ 0 + p 1/s y 1 and plug into ( * ). We obtain
The sum is from x = 1 to x = h − 1. Write y for the initial Witt component of y 1 and b x for the initial component of B x . By the construction of our deformation at least one b x will be non-zero. Then y must be a solution to
First set Y = y p h−s and then set Y = αY . Divide by α p s . We get
. Since z p h−s (p s −1) = t, if we set α = z p h−s , we have tα α p s = 1. Our equation becomes
Consider this as an equation over the field k((t 2 ))((z)), treating k((t 2 )) as the base field. We wish to show that this equation is irreducible. Since the field k((t 2 )) contains the algebraic closure of F p there is no difficulty in using our criterion from the appendix. We now use the notation set up there. Notice that b x z p h−s (−p x +1) ∈ V −p x +1 and that for distinct x, the −p x +1 are distinct numbers prime to p. Also notice that in all cases b x z p h−x (1−p x ) is a monomial in z. Hence A.3 applies, and we conclude that equation (**) is irreducible. In particular, it has Galois group isomorphic to F q , and m 2 is surjective. ♦ 
In this section, we prove:
Proof The commutant of two elements of H must again lie in H. In section 5.1, we will use this to produce many elements of G/G s . In section 5.2, we will use these elements to produce a p-adic analytic map 
Commutants in G
There are well-known isomorphisms G 0 /G 1 ∼ = F × q , and G i /G i+1 ∼ = F q for i ≥ 1; we make these explicit now. Any element α ∈ W (F q ) can be written as
where α j = (α j , 0, 0, · · · ), with α j ∈ F q . Now, the order D is a finite, free W (F q )-module; any β ∈ D has a unique expression
with β j ∈ W (F q ). Taking the expansion of each β j as above and relabelling, we have
Let T q = ker tr : F q → F p be the s − 1-dimensional subspace consisting of elements of F q with trace zero.
Proof For the first claim, simply multiply:
The bracket is a similarly explicit calculation:
Thus, in order to compute [G, G], we're led to consider what sorts of values the function
Lemma 5.1.2 Fix some m ≥ 2, and consider the subgroup H m of F q generated by {i,j:i,j≥1,i+j=m}
Proof Note that φ m−1,1 (x, 1) = x τ −x. By Hilbert's theorem 90, a number z ∈ F q is of the form x τ − x if and only if tr(z) = 0. So at the very least, T q ⊆ H m . Now consider the trace of an arbitrary element φ i,j (x, y).
If s|(i + j), then y = y τ i+j , and so the trace of any element tr(φ i,j (x, y)) is zero. Otherwise, choose some y ∈ F q so that y = y τ i+j . Then there is certainly an x ∈ F q so that tr(x τ j (y − y τ i+j )) = 0.♦
Inverse Function Theorem
If H satisfies the hypotheses of theorem 5.1, then the previous section shows that H contains elements
where the first Witt components of the a i form a basis of the F p vector space F q . We use this observation to show that H has finite index in G. Let H 1 = H ∩ G 1 ; it suffices to show that H 1 has finite index in G 1 .
For an element
Here, the product (̟a) k is taken in the division algebra B λ , λ = r/s. Since ̟ k → 0 as k → ∞, and since t k ∈ Z p for t ∈ Z p , this sum converges. Indeed, it can be expanded as a power series in t with initial terms
Since f ij (Z) is contained in H, which is by hypothesis a closed subgroup of H, the image f ij (Z p ) is also in H.
Define an analytic map
where the product is taken in G 1 . We shall show that the derivative of F at (0, · · · , 0) is invertible. By an inverse function theorem on analytic manifolds [5] , this implies that the image of F contains an open subset of G 1 . Therefore, H 1 has finite index in G 1 , and even in G. We calculate the derivative of F . Write
Every element in G 1 can be written uniquely as
where z ij ∈ Z p . Take the z ij as coordinates on G 1 , thus giving G 1 a structure of analytic manifold. Order the coordinates lexicographically:
With these conventions, at t ij = 0 for all pairs (i, j),
where the 1 appears in position (i, j). Therefore, dF is invertible.♦
Main result
Theorem 6.1 Let G 0 /k be a p-divisible group of dimension d and codimension c with a(G 0 ) = 1. Suppose λ is strictly less than any slope of G 0 and that there exists some deformation of M 0 that contains slope λ. Then there exists a smooth equicharacteristic deformation G/R of G 0 /k so that, if K = Frac R, then the multiplicity of λ in G K is one, λ is the smallest slope of G, and the truncated monodromy representation m 2 : Gal(K/K) → G/G 2 is surjective. This implies that the full monodromy representation
has finite index in the group of units of a maximal order of the division algebra over Q p with Brauer invariant λ.
Proof We have shown that the construction of 3.2.3 produces G/R with suitable Newton polygon and maximal truncated monodromy m 2 in slope λ. Now, m is a continuous representation of a compact group, and so its image is a closed subgroup of G. By 5.1 the monodromy group, since it surjects on to G/G 2 , necessarily has finite index in G.♦
Polarizations
In fact, theorem 6.1 holds for principally quasi-polarized p-divisible groups. Let M 0 be a principally quasi-polarized D-module of dimension g and height 2g. Assume that a(M 0 ) = 1. Oort [4, 2.3] shows that we can find a normal basis of M 0 so that the quasi-polarization appears in standard form. Given such a basis, the universal deformation of M 0 , as a quasi-polarized Dieudonné module, is given by the same formula as in the non-polarized case, except that we now require that t ij = t ji . A map
induces a deformation of M 0 to M . Keeping our notation from section 3.2, we have f (i 1 , j 1 ) = (s, r) and
. For all other pairs (i, j) we set φ(t ij ) = 0. We compute the characteristic polynomial of the deformed module M . From 3.1 we see that if
is any deformation of M 0 with φ(t ij ) = r ij , setting f (i, j + g − 1) = (x, y), and R ij = (r ij , 0, · · · ), then
we have f (j, i + g − 1) = (s,r). We have the analogous relation between (α, β) and (α,β). Using this notation we have
Notice that if i 1 = j 1 , then the proof is the same as in the non-polarized case. We omit these details. The key to showing that our Galois computation still works in the polarized case is the lemma:
As in the non-polarized case our deformation has least slope less than or equal to λ. This lemmma implies that the smallest slope of M is, indeed, r/s = λ. Write χ(M ) = A x (M )F 2g−x for the characteristic polynomial of the deformed module M . We work with the polynomial
We see that
where P (F ) is the polynomial appearing in the non-polarized case. One now checks that the Galois computation in section 4 works in this case.
Proof It is easy to see that
Since r/s < 1/2, s, r ∈ N we have s − 2r ≥ 1. Let (i, j) be a pair of integers so that
This case falls outside the hypothesis of the lemma. Thus we have s ≤ g − 1, and
Since α < s ≤ g − 1 and (s − 2r)/s ≥ 1/s we conclude that
We establish a criterion for Artin-Schreier equations to be irreducible. We use this to calculate our Galois group. Let G ⊂ (F q , +) be a subgroup of order p N . Define
Lemma A.1 Let K be any field containing an algebraic closure of F p , and let A ∈ K. Then x q − x − A = 0 is reducible if and only if A = f G (a) for some a ∈ K and some nontrivial subgroup G ⊆ F + q .
Proof We write the equation in the form
Assume F = f i is a non-trivial factorization of F into irreducible monic factors. Let y 1 denote a root of f 1 . The roots of F are y 1 + β, β ∈ F q . Thus once we adjoin y 1 to K we can split all the f i and thus the splitting fields of the f i are all the same. There is a subgroup H of F q so that
vanishes on the set y 1 + H and has leading coefficient 1, we have
This is independent of choice of β in [β] . Since the roots of f β are y 1 +β +H, we have
The map f H is additive, maps F q to itself, and has kernel exactly H. Let L denote the image of F q under f H . Then we can write
Since f H (y 1 ) is the constant term in f 1 , it is in K.♦ Let k be any field containing the algebraic closure of F q . Our lemma allows us to give a concrete criterion for deciding when an equation of the form
For H a subgroup of F q , f H maps V j to itself and k [[t] ] to itself. For b ∈ k((t)) we can write the above equation in the form . Note that a p s n t p s n and Aa m t m are the only terms of these degrees in the expression f H (y). Since p s n > m we see that f H (y) can never have a exactly one term of degree strictly less than zero. ♦ We summarize this discussion:
Criterion A.3 The equation (***) is irreducible if some B j is a monomial.
B Basic results on λ-monodromy
We prove here the results of Igusa and deJong alluded to in the introduction. On one hand Igusa shows that, in the simplest example of a family of pdivisible groups, the monodromy is as large as possible. has finite index in its target.
Proof Our proof here is somewhat anachronistic. By deJong's theorem (below), the image of this representation is infinite. In particular, it contains some non-torsion element α. Let β = α p−1 . Then there is some n ≥ 1 so that β ≡ 1 mod p n but β ≡ 1 mod p n+1 . Therefore, β generates the group (1 + p n Z p )/(1 + p n+1 Z p ), and β topologically generates 1 + p n Z p , a subgroup of finite index in Z × p .♦ On the othe hand, an isoclinic family of p-divisible groups has essentially trivial monodromy in each slope.
Proposition B.2 [deJong]
Let R be a discrete valuation ring of characteristic p and let K be its field of fractions. Let G/R be a p-divisible group. The monodromy groups of G K are finite in all slopes if and only if G/R has constant Newton polygon.
Proof Both conditions in the lemma are insensitive to an isogeny of G and to a finite extension of the base ring R. Suppose G/R has constant Newton polygon. After an isogeny, we may and do assume that G admits a slope filtration over R, 0 ⊂ G 1 ⊂ · · · G n . For each G j /G j−1 , [2, 2.15] shows that the associated monodromy representation is trivial. In the other direction, suppose that G K has finite monodromy groups in each slope. One knows that G K admits a slope filtration 0 ⊂ G K,1 ⊂ · · · ⊂ G K,n . Since the monodromy group associated to G K,1 is finite, after a finite extension of the base there exists an isogeny over K, H 
